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ABSTRACT 
 
This paper develops a new method of statistical analysis of interaction and transformation 
between different modes in the particle size distribution in atmospheric aerosols in the 
presence of strong stochastic fluctuations of the environmental and meteorological 
parameters. Fast processes of mode transformation are investigated in combustion aerosols 
near a busy road on the basis of the fragmentation mechanism of particle evolution. A unique 
anti-symmetric correlation pattern between different modes is described and explained by 
means of the formulated fragmentation theorem. This provides yet another confirmation of 
the fragmentation mechanisms of aerosol evolution.  
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1. Introduction 
As was indicated in (Gramotnev & Gramotnev, submitted (Part I)), the development 
of new statistical methods of analysis of combustion aerosols from transport and road 
networks is one of the important directions of current research in the aerosol science. These 
methods will provide new essential insights into such fundamental processes as particle 
formation, condensation/evaporation, coagulation, and thermal fragmentation in the real-
world environment with strong stochastic fluctuations of atmospheric and environmental 
parameters (Zhang and Wexler, 2004, Zhang et al, 2004, Zhu et al, 2002, Shi et al, 1999, Shi 
et al, 2001, Pohjola et al, 2003, Kulmala et al, 2004, Gramotnev & Gramotnev, 2005a, 
Gramotnev and Gramotnev, submitted (Part I)). 
Therefore, the new statistical approaches based on the moving average particle 
concentration in the size distribution (Gramotnev and Gramotnev, submitted (Part I)) and 
moving average correlation coefficients, canonical weights and loadings (Gramotnev and 
Gramotnev, 2005a, Gramotnev and Gramotnev, submitted (Part I)) were developed and used 
for the investigation of evolution of particle modes and their sources in combustion aerosols.  
However, these techniques mostly provided information about how particle 
concentrations in neighbouring channels correlate with each other, or how groups of particles 
with similar diameters correlate with traffic and/or meteorological conditions (Gramotnev 
and Gramotnev, 2005a, Gramotnev and Gramotnev, submitted (Part I)). It is more difficult to 
use these methods for the direct investigation of correlations between particles with 
significantly different diameters (i.e., between different channels/modes in the size 
distribution). At the same time, such an analysis is expected to provide new important 
evidence of physical processes and particle transformations during evolution of combustion 
aerosols.  
For example, if fragmentation results in mutual transformation of some particle 
modes (Gramotnev and Gramotnev, 2005a,b, Gramotnev and Gramotnev, submitted (Part 
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I)), then these modes may be characterised by strong negative correlations. Increasing 
concentration in the fragmenting mode (e.g., due to turbulent fluctuations of the evolution 
time) may result in decreasing concentration in the modes resulting from fragmentation. 
Analysis of such negative correlations may be a powerful tool for investigation of the 
fragmentation mechanism of aerosol evolution.  
Therefore, in this paper, we extend the moving average approach to the analysis of 
correlations and mutual transformations between different particle modes in combustion 
aerosols near busy roads. As a result, a new moving average cross-correlation approach will 
be developed. Strong negative correlations between several particle modes will be 
demonstrated and investigated. A unique pattern of anti-symmetric correlations between 
particular modes will be analysed and interpreted on the basis of the fragmentation theorem. 
This may be regarded as one of the most convincing confirmations of the fragmentation 
mechanism of evolution of combustion aerosols.  
2. Moving average approach for particle modes.  
In this paper, we again analyse the monitoring data near Gateway Motorway, 
Brisbane, Australia, which was considered in (Gramotnev and Gramotnev, 2005a) and 
(Gramotnev and Gramotnev, submitted (Part I)). The detailed description of the experimental 
procedure, the obtained data, and the meteorological and traffic parameters are presented in 
Section 2 of (Gramotnev and Gramotnev, submitted (Part I)).  
The extension of the moving average approach described in (Gramotnev and 
Gramotnev, 2005a, Gramotnev and Gramotnev, submitted (Part I)) to correlations between 
particle modes and/or different channels can be done as follows. We again consider multiple 
scans of the particle size distribution. For example, these can be the set of 16 scans (from 28 
to 43) corresponding to Figs. 2a,b from (Gramotnev and Gramotnev, submitted (Part I)).  
We choose a 7-channel interval (which we will call ‘primary interval’) corresponding 
to a particular mode, i.e., the central channel of this interval corresponds to one of the 
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maximums in Figs. 2a,b from (Gramotnev and Gramotnev, submitted (Part I)). We also 
choose another arbitrary interval (‘secondary interval’) of 7 neighbouring channels from the 
overall 100 channels in the size distribution. Each of the channels from any of the chosen 
(primary or secondary) 7-channel intervals corresponds to a column of different particle 
concentrations corresponding to each of the multiple scans. For example, for a set of 16 
scans, each channel will correspond to a column of 16 different particle concentrations. 
Every value of concentration in every column is normalised to the total number 
concentration in the respective scan. This eliminates trivial correlations associated with 
turbulent and traffic fluctuations of the total number concentration.  
We select a channel from the primary 7-channel interval and calculate the simple 
correlation coefficient between the concentration columns corresponding to this channel and 
one of the channels from the secondary 7-channel interval. This procedure is then repeated 
for all possible different pairs of channels – one from the primary interval and another from 
the secondary interval. As a result, we obtain 49 simple correlation coefficients, and their 
average is calculated. Each 7-channel interval is identified by the particle diameter 
corresponding to its central channel. The obtained average simple correlation coefficient is 
taken as the correlation coefficient between the two central channels from the two selected 7-
channel intervals. Then we take a different secondary interval, and repeat the procedure 94 
times for all possible secondary 7-channel intervals and the fixed primary interval (one of the 
secondary intervals coincides with the primary interval). As a result, we obtain 94 average 
correlation coefficients between the selected channel (the central channel of the primary 
interval) and all other channels/modes. This gives a dependence of the moving average 
correlation coefficient between the selected channel/mode and all other channels on particle 
diameter (each such diameter is associated with the central channel of a secondary interval).  
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The statistical errors of the obtained dependencies of the moving average correlation 
coefficients can be obtained by calculating standard errors of the mean correlation 
coefficients for each of the 94 pairs of the primary and secondary 7-channel intervals.  
The described moving average procedure is not unique for the analysis of cross-
correlations between different modes. For example, instead of calculating the average 
correlation coefficient for all possible pairs of columns from the primary and secondary 7-
channel intervals, we can average particle concentrations in the primary interval over the 7 
channels. Thus we obtain a column of average particle concentrations corresponding to the 
primary interval. Similarly, we determine the column of average particle concentrations 
corresponding to a secondary interval. Then we calculate simple correlation coefficient 
between the two columns of average concentrations corresponding to the primary and 
secondary intervals. Repeating the procedure for all possible 94 secondary intervals, we 
obtain the dependence of the moving average cross-correlation coefficient.  
Yet another approach is to use the extended columns of the particle concentrations 
corresponding to the primary and the secondary intervals and similar to those discussed in 
(Gramotnev and Gramotnev, submitted (Part 1)), and calculate simple correlation 
coefficients between them.  
Though not identical, the dependencies of the moving average correlation 
coefficients obtained by means of the three procedures show the same major features (see 
Section 3). Therefore either of these procedures can be used for the analysis of cross-
correlations between different modes/channels in the size distribution. However, the second 
procedure (with averaging particle concentrations over the channels in the primary and 
secondary intervals) will be more convenient for understanding the fragmentation theorem 
presented in Section 4.  
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3. Numerical results and their discussion 
For the numerical analysis in this section, we will choose two sets of 16 scans from 1 
to 16 and from 28 to 43. The first set of 16 scans includes the two sets of scans from 1 to 11 
and from 6 to 16, considered in (Gramotnev and Gramotnev, submitted (Part I))). We use 
here one joint set, instead of the two separate sets, because those two sets correspond to very 
close average normal wind components (Gramotnev and Gramotnev, 2005a, Gramotnev and 
Gramotnev, submitted (Part I)). Within the uncertainty limits, it is difficult to distinguish 
between these two sets, and we join them in one set of 16 scans.  
For this set of 16 scans, the dependence of the correlation coefficients for the 126 nm 
channel (i.e., when the central channel of the primary interval corresponds to the diameter 
126 nm) on particle diameter is given by the solid curve 1 in Fig. 1. The first moving average 
procedure has been used, based on averaging simple correlation coefficients over all possible 
pairs of concentration columns from the primary and secondary intervals. Slight variations of 
the position of the primary interval does not result in drastic alterations of the obtained 
dependence. For example, if we choose the 136 nm or 113 nm channel as the central channel 
of the primary 7-channel interval, variations of the resultant correlation coefficients are 
relatively small (dashed and dotted curves 1 in Fig. 1). This is because variations of position 
of the primary interval within the same mode are not anticipated to produce substantial 
variations of correlations with other channels. Similar situation occurs for the curves 
corresponding to the primary intervals centred at the 13.1 nm, 13.6 nm, and 14.1 nm 
channels (dotted, solid and dashed curves 2 in Fig. 1).  
Curves 1 in Fig. 1 suggest that particles with diameters around 126 nm (the 126 mode 
in Fig. 2a from (Gramotnev and Gramotnev, submitted (Part I))) are positively correlated 
with the modes ~ 55 nm and ~ 6 nm. Note that this is in agreement with the solid curve in 
Fig. 4a from (Gramotnev and Gramotnev, submitted (Part I)), which suggests that all these 
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three modes are associated with heavy trucks. Therefore, the positive correlations between 
these three modes on curves 1 in Fig. 1 may be explained their mutual source – diesel trucks.  
On the other hand, negative correlations shown by curves 1 in Fig. 1 for ~ 10 – 30 nm 
particles can be explained by stronger association of these particles with cars (see Figs. 6 and 
7 from (Gramotnev and Gramotnev, submitted, Part I) and negative correlations between 
numbers of cars and trucks on the road, due to limited overall traffic flow.  
As the aerosol is transported from the road, particles experience rapid processes of 
transformation/evolution. These processes drastically change the correlation pattern for the 
particle modes within just 16 s – see Figs. 2 – 9 from (Gramotnev and Gramotnev, submitted 
(Part I)). Similar significant alterations are also expected for the moving average cross-
correlations between the modes. For example, the dependencies of the moving average 
correlation coefficient for the 126 nm mode (the primary 7-channel interval is centred at the 
126 nm channel) and for the 13.6 nm mode (the primary interval is centred at the 13.6 nm 
channel) for the second set of 16 scans are presented in Fig. 2 by solid curves 1 and 2, 
respectively.  
The dashed and dotted curves 1 are plotted for the primary interval centred at the 136 
and 113 nm channels, respectively. These curves again demonstrate stability of the moving 
average dependencies with respect to variations of the position of the primary interval within 
the limits of one mode. The examples of the error curves (see Section 2) are given by the two 
dashed curves around solid curve 2 in Fig. 2. These error curves demonstrate that the errors 
of the moving average correlation coefficients are typically insignificant and may be ignored.  
The 13.6 nm and 126 nm modes are thus negatively correlated (anti-correlated) with 
each other. The most interesting aspect of Fig. 2 is that the dependencies for the primary 
intervals centred at the 126 nm and 13.6 nm channels (solid curves 1 and 2, respectively) are 
almost symmetric of each other with respect to the zero line (anti-symmetric correlations).  
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This is a non-trivial result. It means that the correlation coefficient between the 126 
nm channel and, for example, 40 nm channel is the same in magnitude, but opposite in sign 
to the correlation coefficient between 13.6 nm channel and the same 40 nm channel. The 
same is correct for any other channel, but not just the 40 nm channel. This demonstrates that 
all the channels are related by some mutual physical process. It is important that this process 
was not present for the first set of 16 scans, because the correlations in Fig. 1 are not anti-
symmetric. The average normal wind component for the first set of 16 scans is ≈ 1.65 m/s, 
whereas for the second set of 16 scans it is ≈ 1 m/s (Gramotnev and Gramotnev, submitted 
(Part 1)). This means that the anti-symmetric correlation pattern (Fig. 2) has developed 
within just ~ 16 s of aerosol evolution.  
The second and third procedures for obtaining the dependencies of the moving 
average cross-correlation coefficient (Section 2) also lead to very similar anti-symmetric 
correlation patterns (for the second set of scans). For example, Fig. 3 compares these 
dependencies obtained using the first and second averaging procedures (Section 3).  
An explanation of the negative correlations in Figs. 2, 3 should be different from that 
for Fig. 1. Because significant variations of correlations between the modes have occurred, 
negative correlations in Figs. 2, 3 cannot be explained by traffic effects, similar to how it was 
done for Fig. 1. It is also important to note that average traffic conditions did not change 
noticeably between the two sets of scans. Therefore, these are rather evolutionary processes 
within the ≈ 16 s of the evolution time difference between the two sets of scans that have 
resulted in the anti-symmetric correlations in Figs. 2, 3. 
The fact that the 13.6 nm mode is negatively correlated with all the larger modes 
suggests that there may be a process of formation of the 13.6 nm mode from the larger 
particles, or, vice versa, the larger particles are formed by the ~ 13 nm particles. This is 
because the observed negative correlations between the ~ 13 nm particles and particles with 
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diameters > 30 nm (Figs. 2, 3) suggest that increasing concentration in the 13.6 nm mode 
results in decreasing concentration in the modes > 30 nm, and vice versa.  
It possible to immediately dismiss such processes of particle evolution as 
condensation/evaporation, homogeneous and heterogeneous nucleation, deposition and 
dispersion as possible mechanisms for the anti-symmetric correlations in Figs. 2, 3. It is 
difficult to imagine (from the physical nature of these processes) how they could result in 
such negative correlations on the considered scale of particle diameters. The only option 
among the conventional mechanisms of aerosol evolution would be coagulation. However, 
as has been shown by Shi, et. al. (1999), Jacobson (1999), Pohjola et al (2003), Jacobson & 
Seinfeld (2004), Zhang & Wexler (2004), Zhang et al (2004), coagulation at the considered 
particle concentrations will take at least hours (rather than 16 s of evolution between Fig. 1 
and Figs. 2, 3) to result in noticeable changes in the size distribution and correlation pattern. 
Therefore, coagulation should also be excluded from the list of possible mechanisms.  
It seems that the only suitable explanation of the observed anti-symmetric 
correlations (Figs. 2, 3) is thermal fragmentation of nano-particles (Gramotnev and 
Gramotnev, 2005a,b, Gramotnev and Gramotnev, submitted (Part 1)). In accordance with the 
obtained results (Figs. 2, 3), it can be assumed that the ~ 13 nm particles are generated due to 
thermal fragmentation of larger nano-particles (e.g., the ~ 126 nm mode). As a result, it is 
expected that if particles with the diameters of ~ 13 nm break away from, for example, 126 
nm particles, then particle concentration in the ~ 126 nm mode decreases, while the 
concentration in the ~ 13.6 nm mode increases, resulting in the observed negative 
correlations.  
However, Figs. 2, 3 also suggest that not only particles from ~ 126 nm mode, but also 
within the large range (> 30 nm) experience similar negative correlations with the ~ 13.6 nm 
mode. It is thus possible to assume that all these particles experience fragmentation resulting 
in breaking away ~ 13 nm particles. For example, the ~ 66 nm particles have strong negative 
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correlations with the ~ 13 nm particles, and strong positive correlations with the ~ 126 nm 
particles (Figs. 2, 3). This could be explained by the fact that particle concentration for the 
second set of 16 scans decreases monotonically with increasing particle diameter – see the 
dark band in Fig. 1 from (Gramotnev and Gramotnev, submitted (Part I)). This means that 
during the process of fragmentation, the inflow of particles into, for example, the 66 nm 
mode due to fragmentation of the larger particles is less than the outflow of the particles 
from the 66 nm mode due to its own fragmentation. Thus fragmentation causes an overall 
shift of the dark band at larger particle diameters (Fig. 1 from (Gramotnev and Gramotnev, 
submitted (Part I))) to the left. Therefore, fragmentation results in a simultaneous decrease of 
particle concentrations in all the channels in the range > 30 nm, thus giving positive 
correlations between all the modes from this range and the 126 nm mode – Figs. 2, 3.  
Fig. 4 shows the moving average correlation curves for four different positions of the 
primary 7-channel interval, so that its central channel corresponds to 40 nm, 50 nm, 68 nm, 
and 126 nm particles. Note that all these particles experience negative correlations with the ~ 
13 nm particles (Figs. 2, 3). Curve 1 in Fig. 4 is identical to solid curve 1 in Fig. 2. The most 
significant result of Fig. 4 is that all the curves demonstrate almost identical negative 
correlations with the ~ 13 nm particles. This is a strong indication that all the particles within 
the considered range > 30 nm have approximately the same probability to fragment with the 
release of the ~ 13 nm particles. That is, the fragmentation mechanism works in 
approximately the same way for the larger particles in a large range of particle diameters 
(between ~ 30 nm and ~ 136 nm). This suggests approximately the same values of the 
fragmentation rate coefficients for particles from the considered range.  
Another interesting aspect of Fig. 4 is that decreasing average particle diameter for 
the primary 7-channel interval from ~ 126 nm to ~ 40 nm results in a steady and significant 
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reduction of the correlation coefficients with smaller particles of ≲ 8 nm diameter (compare 
curves 1 – 4).  
This might be because of the tendency for smaller particles to fragment by releasing 
~ 7 nm primary particles (Gramotnev and Gramotnev, 2005a). If this is true, then one should 
expect that decreasing the average diameter for the primary interval below ~ 40 nm should 
significantly increase negative correlations with the ~ 7 nm mode. This is indeed the case as 
demonstrated by Fig. 5, where correlations for the 7 nm and 32 nm modes (channels) are 
considered. We again obtain the two dependencies that tend to be approximately symmetric 
with respect to the zero line (Fig. 5). Because of the same reasons as for Figs. 2 and 3, the 
obtained negative correlations between the 32 nm and 7 nm modes can be explained by 
fragmentation of nano-particles by means of breaking away primary ~ 7 nm particles 
(Gramotnev and Gramotnev, 2005a).  
As a result, Figs. 2 – 5 suggest the following possible interpretation. There are two 
main types of primary particles: ~ 7 nm and ~ 13 nm. They can possibly be related to 
different types of vehicles (needs to be confirmed by further analysis). These particles form 
different types of larger particles. This is because coagulation may occur only in the 
immediate proximity to the exhaust pipe or inside it, where particle concentration is 
sufficient for coagulation to take place (Jacobson, 1999, Pohjola, et al, 2003, Jacobson & 
Sienfeld, 2004, Zhang & Wexler, 2004, Zhang et al, 2004). As a result, large composite 
particles are primarily formed of one type of primary particles – either ~ 7 nm or ~ 13 nm 
(particles from one vehicle are highly unlikely to get to the exhaust pipe of another vehicle in 
sufficient concentrations). Larger particles with diameters closer to ~ 100 nm are mainly 
formed of larger primary particles, and their fragmentation results mainly in breaking away 
the ~ 13 nm particles. This leads to negative correlations shown in Figs. 2 – 4. However, 
smaller (~ 20 – 40 nm) particles are more likely to be formed by the ~ 7 nm primary 
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particles. Their fragmentation leads to the negative correlations with the ~ 7 nm mode (Fig. 
5).  
Certainly, fragmentation mechanism does not imply that all the larger particles 
should necessarily fragment into primary particles. The presence of such non-fragmenting 
particles may also result in breaching anti-symmetric pattern of correlations between the 
modes in the particle size distribution (for more detail see the next section).  
 
4. Fragmentation Theorem 
In Section 3, we attempted a qualitative interpretation of the obtained anti-symmetric 
pattern of mutual correlations between the modes in the particle size distribution. Here, we 
will present a more rigorous mathematical derivation and justification of conditions when 
such a pattern may occur. As a result, we will obtain further significant confirmation of the 
fragmentation mechanism of aerosol evolution.  
In order to explain the anti-symmetric correlation pattern (Figs. 2, 3), consider N 
scans of the size distribution. Let us first assume that the moving averaging is not performed, 
and the cross-correlation coefficients are calculated between some particular (primary) 
channel of the size distribution and all other channels. Each particle concentration in each of 
the N-dimensional columns (corresponding to every channel) is normalised to the total 
number concentration in the respective scan. Then the sufficient and necessary condition for 
the anti-symmetry of the dependencies of the cross-correlation coefficients for two different 
k-th and m-th primary channels (e.g., the 126 nm and 13.6 nm channels) can be written in the 
form: 
Rkn = – Rmn,          (1) 
where Rkn is the correlation coefficient between the k-th primary channel (with the larger 
particle diameter) and an arbitrary n-th channel of the particle size distribution, and Rmn is the 
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correlation coefficient between the m-th primary channel (with the smaller particle diameter) 
and the same n-th channel.  
Using the equation for the simple correlation coefficient between the two data 
columns (Larsen and Marx, 1986), we re-write Eq. (1) as follows: 
∑
∑Δ
Δ
∑Δ
Δ−=∑
∑Δ
Δ
∑Δ
Δ
i
j
nj
ni
j
mj
mi
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j
nj
ni
j
kj
ki
y
y
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y
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,     (2) 
where yki, ymi, and yni are the particle concentrations in the k-th, m-th, and an arbitrary n-th 
channels of the particle size distribution, sums are taken over the N different scans, Δyki, 
Δymi, and Δyni are the concentration fluctuations in the i-th scan around the mean values ky , 
my , and ny  calculated over the N scans.  
 The fragmentation theorem establishes conditions at which Eqs. (1) and (2) are 
satisfied, i.e., the dependencies of the cross-correlation coefficients for two different primary 
channels/modes are anti-symmetric (Figs. 2, 3).  
 Conditions of the fragmentation theorem: 
1. Particles taking part in fragmentation consist of primary particles that can break away 
from larger composite particles. Primary particles belong to the sink mode.  
2. Fragmentation occurs by means of breaking away a primary particle – one primary 
particle breaks away during each act of fragmentation, adding one particle to the sink 
mode and resulting in a transition of the fragmenting particle to the next intermediate 
mode with smaller diameter (Fig. 6). Only the last act of fragmentation of a particle 
from the smallest intermediate mode results in two primary particles being added to 
the sink mode.  
3. Fragmentation by means of breaking away non-primary particles or more than one 
primary particles at a time is neglected.  
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4. The number of fragmenting intermediate particle modes can be finite (when there is a 
maximal diameter of fragmenting particles), or infinite (when there is no maximal 
diameter of fragmenting particles).  
5. Fluctuations of particle concentrations in different scans in two k-th and m-th 
channels (intermediate or sink modes) are predominantly caused by the process of 
fragmentation (for more detailed explanation of this condition see below).  
6. Particle concentrations in the k-th and m-th channels are negatively correlated with 
each other: Rkm < 0 (i.e., if the concentration in the k-th channel increases, then the 
concentration in the m-th channel decreases, and vice versa).  
7. Fragmentation rates for particles from all the intermediate modes are equal.  
8. The fragmentation-induced fluctuations of particle concentrations in the modes are 
small compared to their average values (for further clarification of this condition see 
below). 
 
Fragmentation theorem: If conditions 1 – 8 are satisfied, then the dependencies of the 
moving average correlation coefficients for the k-th and m-th channels are anti-symmetric of 
each other.  
For example, in accordance with Figs. 2 and 3, we can take the 126 nm channel 
(mode) as the k-th channel, whereas the m-th mode corresponds to the sink mode with the 
primary particles of ~ 13 nm diameter. Fragmentation occurs by means of breaking the ~ 13 
nm particles away from the larger particles belonging to the intermediate modes.  
Proving the fragmentation theorem is equivalent to verifying the validity of the 
sufficient and necessary conditions (1) and/or (2) under the conditions of the theorem 1 – 8.  
In accordance with Fig. 6, we can write the equations for the concentration 
fluctuations Δypi in an arbitrary p-th intermediate mode: 
 Δypi = ypi – py  = addpioutpiinpi yyy Δ+Δ+Δ ,  for p ≠ 1;     (3) 
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 Δy1i = y1i – 1y  = – outi
p
out
pi yy 2
3
2Δ−∑ Δ∞
=
 + addiy1Δ  =  
= iniy1Δ  + addiy1Δ .    (4) 
Here, outpiyΔ  is the variation of the concentration in the p-th intermediate mode in the i-th 
scan, caused by fragmentation of particles from this mode. Therefore, this variation results in 
the particle outflow from the p-th intermediate mode, caused by fragmentation. 
Simultaneously, this variation results in the inflow of particles into the sink mode (see Eq. 
(4)), because fragmentation occurs through the release of primary particles. If p ≠ 1, then 
in
piyΔ  is the variation of the concentration in the p-th intermediate mode due to the inflow of 
particles from the (p + 1)-th intermediate mode. This inflow is caused by fragmentation of 
the (p + 1)-th intermediate mode. At the same time, iniy1Δ  are the variations of the 
concentration in the sink mode, caused by the inflow of primary particles into this mode due 
to fragmentation of all the intermediate modes. The variations addpiyΔ  (p = 1, 2, 3, …) are the 
additional fluctuations of the concentrations in the sink and intermediate modes, caused by 
factors/processes other than fragmentation. There is a factor of 2 in front of outiy2Δ  in Eq. (4), 
because the intermediate mode with p = 2 fragments into two primary particles. There is no 
term with outiy1Δ  in Eq. (4), because the sink mode (with p = 1) is assumed to consist of 
primary particles that do not experience further fragmentation. Note also that in Eqs. (3) and 
(4) the index p indicates all possible modes, i.e., p may also be equal to m or k. If the number 
of the intermediate modes is finite, then the number of terms in the sum in Eq. (4) is also 
finite.  
Condition 5 of the theorem states that the fluctuations of particle concentrations in 
the k-th and m-th modes (for which the anti-symmetry of cross-correlation coefficients is 
expected) are caused predominantly by the process of fragmentation. That is, the effect of 
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any other mechanisms on fluctuations of the normalised particle concentrations in these 
modes is negligible:  
add
kiyΔ  = addmiyΔ  = 0.         (5) 
Physically, fragmentation-induced fluctuations of particle concentrations occur 
because of turbulent fluctuations. Turbulent fluctuations result in fluctuations of evolution 
time for the aerosol, because they lead to stochastic variations of the transport time from the 
road. As a result, each scan corresponds to slightly different evolution times, i.e., different 
stages of the aerosol evolution. For example, smaller evolution time always results in smaller 
concentration of primary particles in the sink mode, and typically in larger concentration of 
fragmenting particles. Thus we usually have negative correlations between the sink and the 
intermediate modes (some exclusions apply).  
If the fragmentation rate is the same for all the modes (condition 7), then for all 
intermediate modes with p > 1 we have ypif = αi pfy , where ypif is the concentration of 
particles in the p-th mode in the i-th scan, which take part in fragmentation, pfy  is the 
average (over all the scans) particle concentration that take part in fragmentation in the p-th 
mode, αi are some coefficients that are the same for all intermediate modes with p > 1 
(because of the same fragmentation rate), but may be different for different scans. In this 
case, Eq. (3) for the k-th and m-th modes (for which the anti-symmetry of correlation 
coefficients is investigated) can be reduced as (if m ≠ 1):  
 Δyki = yki – ky  = (αi – 1) kfy  – (αi – 1) fky )1( + ,     (6) 
 Δymi = ymi – my  = (αi – 1) mfy  – (αi – 1) fmy )1( + ,     (7) 
where the first terms in the right-hand sides of these equations represent the particle outflows 
from the k-th and m-th modes due to fragmentation, while the second terms represent the 
particle inflow into these modes from the neighbouring higher modes. Note that here we 
assume that the particle outflow from a mode due to fragmentation of its particles does not 
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depend on the inflow of particles into this mode from the neighbouring higher mode. This is 
approximately correct if the inflow/outflow of particles into an i-th mode due to 
fragmentation on the time scale corresponding to turbulent fluctuations of the evolution time 
is much smaller than the overall concentration of fragmenting particles ify  in this mode (see 
condition 8 of the fragmentation theorem).  
Eq. (5) is assumed to be satisfied for the k-th and m-th modes. This means that the 
effect of any mechanism, other than fragmentation, on concentration fluctuations is 
negligible. Therefore concentrations of particles that do not take part in fragmentation cancel 
out from the right-hand sides of Eqs. (6) and (7).  
 Eqs. (6) and (7) suggest that condition 6 of the fragmentation theorem is satisfied if 
Δyki and Δymi have opposite signs, i.e., for example, when fky )1( +  < kfy , and fmy )1( +  > 
mfy . If this is the case, then substituting Eqs. (6) and (7) into Eq. (2), reduces the latter to an 
obvious equality, i.e. the fragmentation theorem is proven for m ≠ 1.  
 If m = 1, then according to condition 5 of the theorem, 01 =Δ addiy , and Eq. (4) gives  
Δy1i = (1 – αi) ⎟⎟⎠
⎞
⎜⎜⎝
⎛ +∑∞
= fp pf
yy 2
1
 = (1 – αi)(Nf + fy2 ).    (8) 
Substituting Eqs. (6) and (8) into Eq. (2) again gives an equality, if fky )1( +  < kfy , i.e., Δyki 
and Δy1i have opposite signs (condition 6 of the theorem). This proves the theorem for m = 1.  
 According to condition 4, fragmentation theorem is also correct if the number of 
intermediate modes is finite. In this case, there exists a maximal diameter of particles taking 
part in fragmentation. The k-th mode may correspond either to any of the intermediate 
modes, or to the mode with the maximal diameter, as long as the other conditions of the 
theorem are satisfied for this mode. In particular, if M – 1 is the number of intermediate 
modes and k = M, then Eq. (6) gives 
 ΔyMi = yMi – My  = (αi – 1) Mfy ,       (9) 
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i.e., there is no influx of particles into this mode due to fragmentation. This does not change 
the above proof of the fragmentation theorem, which means that the k-th mode can indeed be 
either one of the intermediate modes, or the mode with the maximal diameter (as long as 
such a diameter exists and other conditions of the fragmentation theorem are satisfied).  
Note also that if k = M (mode with the maximal diameter) and m = 1 (sink mode), 
then condition 6 is satisfied automatically (see Eqs. (8) and (9)).  
Moving averaging procedures used in Sections 2 and 3 tend to improve the 
applicability of the fragmentation theorem. This is especially easy to see for the second 
moving averaging procedure based on averaging particle concentrations over the primary 
and secondary 7-channel intervals (Section 2). In this case, the proof of the fragmentation 
theorem remains the same if the N-dimensional columns of particle concentrations are 
replaced by the N-dimensional columns of average (over the corresponding 7-channel 
interval) particle concentrations. The averaging reduces turbulent fluctuations of the 
evolution time and particle concentrations in different scans (in the N-dimensional columns). 
This improves the validity of condition 8 of the fragmentation theorem and the applicability 
of Eqs. (6) – (8).  
In the considered example of the second set of 16 scans (Figs. 2, 3), typical relative 
fluctuations of the average particle concentrations in the 16-dimensional columns are ~ 0.35. 
The resultant errors associated with using Eqs. (6) – (8) is ~ 17%. This is one of the possible 
reasons for non-perfect anti-symmetric correlation pattern demonstrated by Figs. 2, 3. 
Increasing turbulent fluctuations (e.g., due to increasing wind speed) may result in increased 
errors and breach of the fragmentation theorem.  
Eq. (5) is essential for the anti-symmetry of the dependencies of the cross-correlation 
coefficients (Figs. 2, 3). If this condition is not satisfied, and the additional fluctuations of 
particle concentrations are noticeable, then the common factor (1 – αi) in Eqs. (6) – (9) 
cannot be isolated, and substituting these fluctuations into Eq. (2) does not give an equality.  
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The fragmentation theorem may also apply to the process of particle evaporation that 
is similar to fragmentation. Indeed, evaporation also occurs due to breaking small particles 
(in this case, separate molecules) from larger particles (e.g., evaporating droplets). However, 
Figs. 2, 3 cannot be explained by evaporation because of the following reasons.  
First, if it were evaporation that is responsible for the evolution and anti-symmetry of 
correlation dependencies (Figs. 2, 3), then the 13.6 nm mode should have been positively 
correlated with all modes with larger particle diameters. This follows from the fact that the 
corresponding particle size distribution (the dark band in Fig. 1 from (Gramotnev & 
Gramotnev, submitted (Part I)) is a monotonically decreasing function of particle diameter 
within the range ≥ 13 nm. It follows from here that decreasing particle diameter (caused by 
evaporation) would have resulted in a uniform shift of this size distribution towards smaller 
particle diameters (i.e., to the left), which should lead to a simultaneous decrease of particle 
concentrations in all channels in the range ≥ 13.6 nm (see also the discussion before Fig. 4). 
This would have resulted in positive correlations between the 13.6 nm mode and all other 
larger modes, which is a contradiction to Figs. 2 – 5 and condition 6 of the fragmentation 
theorem.  
Second, evaporation mechanisms cannot explain the increase of the total number 
concentration (Gramotnev & Gramotnev, 2005a,b) that was observed using the same set of 
data. Neither can it explain the increase in the concentration of particles with ~ 13 – 30 nm 
diameters – see (Gramotnev & Gramotnev, 2005a) and the dark band in Fig. 1 from 
(Gramotnev & Gramotnev, submitted (Part I)).  
Therefore, the fragmentation theorem presented in this section suggests that the 
observed anti-symmetric pattern of moving average correlation coefficients (Figs. 2, 3) is 
likely to occur as a result of particle fragmentation. It establishes conditions for observation 
of such anti-symmetry, and thus provides an additional physical insight into the physical 
processes during the evolution of combustion aerosols.  
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It is also important to note that fragmentation theorem does not imply that the 
considered modes should consist only of particles taking part in fragmentation. Fluctuations 
of concentrations of particles that do not participate in fragmentation are taken into account 
by the terms addniyΔ . The only condition that should be imposed on these fluctuations is that 
they must be negligible for the k-th and m-th modes for which an anti-symmetric correlation 
pattern is obtained (see Eq. (5) and condition 5 of the fragmentation theorem). For any other 
channel of the size distribution this is not required.  
 
5. Conclusions 
This paper has described a new statistical method of analysis of mutual interactions 
and transformations between different particle modes in the real-world environment. The 
method is based on three different moving average techniques applied to the correlation 
coefficients for particle concentrations in different channels of the size distribution. It is 
highly effective in revealing correlations between particle modes and providing additional 
important information about physical and chemical mechanisms of evolution of combustion 
aerosols. Thus, this method contributes significantly towards the resolution of one of the 
major difficulties in the aerosol and environmental science – effective and detailed analysis 
of atmospheric aerosols in the presence of strong stochastic fluctuation of external and 
meteorological parameters during field campaigns.  
The application of the new method to combustion aerosols near a busy road has 
confirmed fast and strong processes of evolution of combustion nano-particles. A unique 
anti-symmetric correlation pattern has been shown to exist under special conditions at some 
distance from the road. This pattern was explained by thermal fragmentation of nano-
particles (Gramotnev & Gramotnev, 2005a). A fragmentation theorem was formulated and 
proved, identifying specific necessary and sufficient conditions under which the anti-
symmetric correlation pattern can exist. This theorem provides yet another confirmation of 
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the fragmentation mechanism of aerosols evolution. The developed cross-correlation method 
is applicable for all types of aerosols undergoing rapid evolutionary processes, when 
interactions and transformations of modes are of an interest. In particular, almost perfectly 
anti-symmetric correlation pattern has been observed for background aerosols in the 
Brisbane area, Australia (Gramotnev, et al, submitted).  
Possible applications of the fragmentation theorem extend far beyond the 
fragmentation mechanism of evolution of combustion and other atmospheric aerosols. The 
developed methods and obtained results may be useful for experimental and statistical 
investigation of oxidation fragmentation of soot aggregates at high temperatures 
(Konstandopoulos and Kostoglou, 2006, Kostoglou and Konstandopoulos, 2003), 
degradation of polymers and polymer-like structures (Kostoglou, 2000), large biological 
molecules and polymer networks, evaporation of nano-particles, etc.  
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 FIGURE CAPTIONS 
  
 Fig.1. The dependencies of the moving average correlation coefficients for the 
primary intervals centred at the following channels: 126 nm (solid curve 1), 136 nm (2 
channels above 126 nm – dashed curve 1), 113 nm (2 channels below 126 nm – dotted curve 
1), 13.6 nm (solid curve 2), 13.1 nm (1 channel below 13.6 nm – dotted curve 2), and 14.1 
nm (1 channel above 13.6 nm – dashed curve 2) for the first set of 16 scans from 1 to 16. The 
average particle diameters on the horizontal axis correspond to the central channels of the 
secondary intervals. The 95% levels of confidence for the considered simple correlations are 
shown by the horizontal solid lines. Average normal wind component ≈ 1.65 m/s; evolution 
time ~ 24 s. The dash-and-dot horizontal line corresponds to zero correlation coefficient. The 
dependencies are plotted using the first procedure with averaging correlation coefficients. 
 Fig.2. Moving average simple correlation coefficient between each of the following 
four channels (modes): 126 nm (solid curve 1), 136 nm (dashed curve 1), 113 nm (dotted 
curve 1), and 13.6 nm (solid curve 2) and all other channels in the particle size distribution 
for the second set of 16 scans (from 28 to 43). Dashed curves 2 represent an example of the 
error lines for the dependence given by solid curve 2. The average particle diameter for each 
of the secondary intervals is taken as the diameter corresponding to the central channel of the 
interval. The average normal wind component ≈ 1 m/s; evolution time ~ 40 s. Horizontal 
straight lines: 95% level of confidence. The dependencies are plotted using the first 
procedure based on averaging correlation coefficients. 
 Fig.3. The dependencies of the moving average cross-correlation coefficient for the 
126 nm mode and 13.6 nm modes for the second set of 16 scans (from 28 to 43), obtained by 
means of the two different averaging procedures with averaging correlation coefficients (first 
procedure – solid curves) and with averaging particle concentrations in the primary and 
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secondary intervals (second procedure – dotted curves). The solid curves are identical to 
solid curves 1 and 2 in Fig. 2. 
 Fig.4. Moving average simple correlation coefficient between each of the following 
four channels (modes): 126 nm (curve 1), 68 nm (curve 2), 50 nm (curve 3), and 40 nm 
(curve 4) and all other channels in the particle size distribution for the second set of scans 
from 28 to 43. Average normal wind component ≈ 1 m/s; evolution time ~ 40 s. The 
horizontal lines indicate the 80% (dashed lines) and 95% (solid lines) levels of confidence of 
the obtained simple correlations. The dependencies are plotted using the first procedure 
based on averaging correlation coefficients. 
 Fig. 5. Moving average simple correlation coefficient between each of the following 
two channels (modes): 32.2 nm (curve 1) and 7.37 nm (curve 2) and all other channels in the 
particle size distribution for the second set of 16 scans from 28 to 43. Average normal wind 
component ≈ 1 m/s; evolution time ~ 40 s. The horizontal lines indicate the 80% (dashed 
lines) and 95% (solid lines) levels of confidence of the obtained simple correlations. The 
dependencies are plotted using the first procedure based on averaging correlation 
coefficients. 
 Fig. 6. Fragmentation scheme for particles from the intermediate modes into the sink 
mode by means of breaking away primary particles – one per each act of fragmentation. 
Each intermediate mode is obtained from the previous mode by means of breaking away one 
primary particle that is automatically added to the sink mode.  
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Fig. 1. The dependencies of the moving average correlation coefficients for the primary intervals 
centred at the following channels: 126 nm (solid curve 1), 136 nm (2 channels above 126 nm – 
dashed curve 1), 113 nm (2 channels below 126 nm – dotted curve 1), 13.6 nm (solid curve 2), 13.1 
nm (1 channel below 13.6 nm – dotted curve 2), and 14.1 nm (1 channel above 13.6 nm – dashed 
curve 2) for the set of 16 scans from 1 to 16. The average particle diameters on the horizontal axis 
correspond to the central channels of the secondary intervals. The 95% levels of confidence for the 
considered simple correlations are shown by the horizontal solid lines. Average normal wind 
component ≈ 1.65 m/s; evolution time ~ 24 s. The dash-and-dot horizontal line corresponds to zero 
correlation coefficient. The dependencies are plotted using the first procedure with averaging 
correlation coefficients.  
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Fig. 2. Moving average simple correlation coefficient between each of the following four channels 
(modes): 126 nm (solid curve 1), 136 nm (dashed curve 1), 113 nm (dotted curve 1), and 13.6 nm 
(solid curve 2) and all other channels in the particle size distribution for the second set of 16 scans 
(from 28 to 43). Dashed curves 2 represent an example of the error lines for the dependence given by 
solid curve 2. The average particle diameter for each of the secondary intervals is taken as the 
diameter corresponding to the central channel of the interval. The average normal wind component ≈ 
1 m/s; evolution time ~ 40 s. Horizontal straight lines: 95% level of confidence. The dependencies 
are plotted using the first procedure based on averaging correlation coefficients. 
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Fig. 3. The dependencies of the moving average cross-correlation coefficient for the 126 nm mode 
and 13.6 nm modes for the second set of 16 scans (from 28 to 43), obtained by means of the two 
different averaging procedures with averaging correlation coefficients (first procedure – solid curves) 
and with averaging particle concentrations in the primary and secondary intervals (second procedure 
– dotted curves). The solid curves are identical to solid curves 1 and 2 in Fig. 2.  
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Fig. 4. Moving average simple correlation coefficient between each of the following four channels 
(modes): 126 nm (curve 1), 68 nm (curve 2), 50 nm (curve 3), and 40 nm (curve 4) and all other 
channels in the particle size distribution for the second set of scans from 28 to 43. Average normal 
wind component ≈ 1 m/s; evolution time ~ 40 s. The horizontal lines indicate the 80% (dashed lines) 
and 95% (solid lines) levels of confidence of the obtained simple correlations. The dependencies are 
plotted using the first procedure based on averaging correlation coefficients. 
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Fig. 5. Moving average simple correlation coefficient between each of the following two channels 
(modes): 32.2 nm (curve 1) and 7.37 nm (curve 2) and all other channels in the particle size 
distribution for the second set of 16 scans from 28 to 43. Average normal wind component ≈ 1 m/s; 
evolution time ~ 40 s. The horizontal lines indicate the 80% (dashed lines) and 95% (solid lines) 
levels of confidence of the obtained simple correlations. The dependencies are plotted using the first 
procedure based on averaging correlation coefficients.  
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Fig. 6. Fragmentation scheme for particles from the intermediate modes into the sink mode by means 
of breaking away primary particles – one per each act of fragmentation. Each intermediate mode is 
obtained from the previous mode by means of breaking away one primary particle that is 
automatically added to the sink mode.  
 
 
 
 
